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Abstrat
We disuss the Coulomb propagator in the formalism developed reently in whih
we onstrut the Coulomb gauge path-integral by orrelating it with the well-dened
Lorentz gauge path-integrals through a nite eld-dependent BRS transformation. We
disover several features of the Coulomb gauge from it. We nd that the singular
Coulomb gauge has to be treated as the gauge parameter λ→ 0 limit. We further nd
that the propagator so obtained has good high energy behavior (k
−2
0 ) for λ 6=0 and ǫ 6=0.
We further nd that the behavior of the propagator so obtained is sensitive to the order
∗
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of limits k0→ ∞, λ→ 0 and ǫ→ 0 ; so that these have to be handled arefully in a
higher loop alulation. We show that we an arrive at the result of Cheng and Tsai
for the ambiguous two loop Feynman integrals without the need for an extra ad ho
regularization and within the path integral formulation.
1 INTRODUCTION
The standard model is based upon a nonabelian gauge theory. Various gauge hoies [1℄
have been adopted to suit dierent alulations in Yang-Mills theories. The most reliable
and well established of these are the linear ovariant Lorentz gauges and their spontaneously
broken analogs of Rξ- gauges [2℄. However, various other hoies of gauges have been used for
reasons of simpliity of approah in dierent ontexts. Prominent among these are various
non-ovariant gauges : the axial gauges, light-one gauges, planar gauges and the Coulomb
gauge [3, 4℄. These gauges have been a subjet of extensive researh [3, 4℄ ; however they
have not always led to well established and foolproof ways of alulations as ompared with
the Lorentz gauges; notwithstanding many attempts.
The major problem in the axial-type gauges is the lak of denition of the propagator
beause of
1
(η.k)n
-type poles in it. A problem also appears in the Coulomb gauge: the time-like
propagator is not damped as k0
−2
as k0 →∞ and hene, unlike the ovariant gauges, the k0-
integrals are not as onvergent as those in the Lorentz gauges. Cheng and Tsai [5℄ have found
it neessary to introdue an extra regularization to deal with this extra degree of divergene
and have shown additional ontributions [5,6℄ arising from this fat whih agree with the
earlier results based on the Hamiltonian approah [6℄ .Cheng and Tsai have argued [5℄ that
path-integral formalism is unable to take are of this problem within its own framework.
These questions of orret denition, in the ontext of both the axial-type and the Coulomb
gauge, should not for dismissed as unimportant and of peripheral signiane; we do not
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know how to do an atual alulation until these questions are settled, not-withstanding any
formal approahes and arguments. To see this reall the following drasti fats (a) a hange of
presription for axial poles from Priniple Value presription to the Leibbrandt-Mandelstam
presription has been known to alter grossly the behavior of divergene struture even of the
one loop integrals [7℄ ;(b) that many dierent treatments that have been attempted for the
axial pole problem and these have led to dierent onsequenes for observables even in low
loop orders and thus all of these annot in partiular the ompatible with the well established
Lorentz gauges. Thus, unless the problem of the denition of axial and the Coulomb gauges
has been addressed to, any formal treatment regarding these gauges is, in fat, open to doubt.
Subsequent to the work of Cheng and Tsai, Doust and Doust and Taylor[8℄ have used a
type of interpolating gauges to disuss the Feynman integrals in the Coulomb gauge. Re-
ently, several new attempts have been made at the treatment of the Coulomb gauge. Baulieu
and Zwanziger [9℄ have attempted a formal treatment based on interpolating gauges. We also
have the split dimensional regularization used by Leibbrandt and o-workers [10 ℄ and NDI[11℄
method has also been applied to the problem. The latter attempts however seem to have an
element of arbitrariness, also present in many axial-gauge treatments, and further it is not
obvious whether the results so obtained will oinide with those from the Lorentz gauges.
In this work, we shall attempt a treatment of the Coulomb gauge problem within the
path integral framework itself. We shall show that this framework, is able to aommodate
the Coulomb gauge also. We shall nd that no extra regularization, [over and above the
usual ultraviolet divergene treatment℄, is required to be imposed in our treatment for the
ambiguous 2-loop Feynman integrals pointed out by Cheng and Tsai. We shall be using the
path integral framework for onneting generating funtionals of dierent gauges [12,13,14℄
that has been onstruted using nite eld dependent BRS [FFBRS℄ transformations that
have been employed for the axial gauge problem earlier. In this approah, we start out with
the Lorentz gauge path-integral inorporating the orret ǫ-term, that takes are of its own
3
poles. We then use an FFBRS transformation that takes one to the Coulomb gauge [14℄.
Suh a proedure, apart from preserving the (orretly dened) vauum expetation values
of gauge-invariant observables, is expeted to take are of all the problems of denition of
other gauges. We use this to evaluate the Coulomb gauge propagator and obtain its eetive
expression that is simple enough for atual alulations.We hope that this approah will
provide at best a diret route to all problems of the Coulomb gauge and at least a view
omplimentary to other approahes [5, 6, 8-11℄.
We shall spell out the plan of the paper. In setion 2, we summarize the earlier results
regarding onstrution of a generating funtional for an arbitrary gauge using the approah of
the FFBRS transformations. We also summarize earlier work regarding the Coulomb gauge.
In setion 3, we shall evaluate the Coulomb gauge propagator using the formalism in setion
2. In setion 4,we study the behavior of the result under the limits λ→ 0, ǫ→ 0 and k0→∞.
[ Here λ is the gauge parameter whih we need to keep℄ .We show expliitly that there are
terms in the expression of the propagator whih are sensitive to the order of these limits. If
we were to take the limits λ→ 0, ǫ→ 0 rst ,we would obtain the ill-behaved propagator.
We show that the high k0-behavior is normal [k0
−2
℄ if we understand the Coulomb gauge as
the limit λ→ 0 to be taken after Feynman integrals are performed. We note that within this
path-integral formulation, there is no obvious neessity to introdue any extra regularization
(unlike the work of Cheng and Tsai.) In setion 5, we summarize our results and oer
omparison with other approahes.
2 PRELIMINARIES
In this setion, we shall introdue our notations and summarize the results of earlier works of
referenes [15,16,12,13℄ on the appliation of the nite eld-dependent BRS transformations
(to axial-type) that we need in this work.We shall also summarize the problems faed in the
4
alulations using the Coulomb gauge.
A. Notations
The Faddeev-Popov eetive ation [FPEA℄ with a gauge funtion F̂ γ[A℄ is given by
Seff = S0 + Sgf +Sgh (2.1)
with
1
Sgf = -
1
2λ
∫
d
4x F̂ γ[A℄2 (2.2a)
and
Sgh = -
∫
d
4x cαM̂αβcβ (2.2b)
with
M̂αβ = δ
δ
F̂α[A]
A
γ
µ
D
γβ
µ [A℄ (2.3)
D
αβ
µ [A℄ = δ
αβ∂µ + g f
αβγAγµ (2.3a)
BRS transformations for the three eetive ations are:
φ'i = φi +δiBRS [φ]δΛ (2.4)
with δiBRS [φ] equal to D
αβ
µ
β
,-1/2 gfαβγβγ , and F̂ /λ respetively for A,  and c.
We onsider two arbitrary gauge xing funtions F[A℄ and F'[A℄ whih ould be nonlinear
or non-ovariant and an interpolating gauge funtion
F
M [A] = κF'[A℄+(1-κ)F[A℄; . 0≤ κ ≤ 1. (2.5)
1
We understand singular gauges suh as Coulomb gauges as the limit λ → 0. We shall see in setion 4
the importane of this limiting proedure.
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We denote the FPEA for the three ases F̂ = F,F' and FM by Seff , S
′
eff and S
M
eff
respetively. In the ase of the mixed gauge ondition, δiBRS [φ] for c is κ-dependent and in
this ase we show this expliitly by expressing (2.4) as
φ'i = φi +δ˜iBRS [φ, κ]δΛ≡ φi +{δ˜1iBRS [φ] + κδ˜2iBRS [φ]}δΛ (2.6)
In this work, we shall be interested in arriving at the orret denition of the path integral
for the Coulomb gauge by orrelating it to the well-dened path integral Lorentz gauges by the
proedure similar to that in Referenes [12,13℄ and deduing the results from it partiularly
how the Coulomb propagator should be handled. We therefore hoose F = ∂.A , F' = -∇.A
≡ - ∑ ∂iAi and2
F
M
= −κ∇.A+(1-κ)∂.A =∂.A-κ∂0A0 (2.7)
B.Earlier Results using FFBRS
Following observations in [14℄ and [16℄, we know the the eld transformations that takes one
from the path integral in a gauge F to that in another gauge F'. It is given [15℄ by the nite
eld-dependent BRS [FFBRS℄ transformation
φ'i = φi +δiBRS [φ]Θ [φ] (2.8)
where Θ[φ℄ has been onstruted by the integration [15℄ of the innitesimal eld-dependent
BRS [IFBRS℄ transformation
2
The minus sign in F' is a matter onveniene and not of neessity.
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dφi
dκ
= δiBRS [φ(κ)]Θ'[φ(κ)℄ (2.9)
(where δiBRS [φ(κ)] refers to the BRS variations of the gauge F with the boundary ondition
φ[κ=1℄=φ'and φ[κ=0℄=φ and is given in a losed form by [15℄
Θ[φ℄ = Θ'[φ℄[exp{f[φ℄}-1℄/f[φ℄ (2.10)
and f is given by
f =
∑
i
δΘ′
δφi
δiBRS [φ] (2.10a)
In the present ase, Θ' is given by [14 ℄ ,
Θ'[φ(κ)℄ = i
∫
d4y cγ(y) (Fγ[A(κ)] -F' γ[A(κ)])
= i
∫
d4y cγ(y)∂0A0 (2.11)
We also note,
Seff
M [φ(κ),κ]≡S0 - 12λ
∫
d
4x [∂.A-κ∂0A0℄
2
-
∫
d
4x cα[∂µDµ−κ∂0D0]aβcβ (2.12)
Using this type of transformation, a result had been established onneting Green's fun-
tions in a pair of gauges F and F' [12,14,13, see also 17℄. We shall rst reapitulate the
philosophy behind the method used that was laid out in Ref. 12,13 and 14 [See ref.19 for
a summary of the present approah℄. We require this formulation to be used, beause the
naive path-integrals in nonovariant gauges are, a priori, ill-dened and and this formalism
aords a way for onstruting a well-dened path-integral for these gauges by orrelating
them to the orresponding well-dened path-integral for the Lorentz gauges. The proper
denition of the Green's funtions in Lorentz gauges is not possible till we inlude a term
-iǫ
∫
d
4x(1
2
AA -c ) in the eetive ation that says how its poles should be treated. Similarly,
the proper denition of the Coulomb Green's funtions in gauges requires that we inlude
an appropriate ǫ-term and this is expeted to tell us how the Coulomb propagator should be
handled.The orret ǫ-term for the Coulomb gauges, in partiular, is automatially obtained
by the FFBRS transformation of that onnets the path integrals in the Lorentz and the
Coulomb gauges as was done in [12,13℄ for the axial ase. It was shown [14℄ that the eet
of this term on the Coulomb gauge Green's funtions is expressed in the simplest form when
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it is expressed in the relation (2.13 ) below and happens to be simply to add to Seff
M [φ,κ]
the same -iǫ
∫
d
4x(1
2
AA -c ) inside the κ-integral. Thus, taking are of the proper denition
of the Coulomb Green's funtions, these Green's funtions, ompatible with those in Lorentz
gauges, are given by the result in [13,14℄ whih in the present ontext reads,
<<O[φ℄>>coul = <<O[φ℄>>L
+i
∫
0
1
dκ
∫
Dφ exp{ i Seff
M [φ,κ]+
∫
d
4
z ε[1
2
AµA
µ
- c ℄}
•∑i(δ˜1i [φ℄+κδ˜2i[φ℄)(-iΘ′) δLOδφi (2.13)
When applied to the two-point funtion,{O[φ℄ = Aαµ(x)A
β
ν(y)}, in obvious notations,
(2.13 ) reads [13℄,
iG
Cαβ
µν(x-y) = iG
Lαβ
µν(x-y)
+i
∫
0
1
dκ
∫
Dφ exp{ i Seff
M [φ,κ] +ǫ
∫
d
4z(1
2
AA -c )}
•[Dµα(x)Aβν(y)+Aαµ(x)Dµβ(y)℄
∫
d4z cγ(z) [∂0A
0γ
(z) ℄ (2.14)
The above relation gives the value of the exat Coulomb propagator ompatible to the
Green's funtions in Lorentz gauges .The result is exat to all orders. As mentioned in Ref.
[12℄, to any nite order in g, the right hand side an be evaluated by a nite sum of Feynman
diagrams.
We an onsider the above relation to O[g
0].Then it will give the Coulomb propagator
ompatible with the Lorentz gauges.This is automatially expeted to give information as to
how the problems assoiated in the Coulomb gauge propagator should be dealt with.It reads,
iG
0Cαβ
µν(x-y) = iG
0Lαβ
µν(x-y)+i
∫
0
1
dκ
∫
Dφ exp{ i Seff
M [φ,κ] +ǫ
∫
d
4z(1
2
AA -c )}
•[∂µα(x)Aβν(y)+Aαµ(x)∂νβ(y)℄
∫
d4z cγ(z) [∂0A
0γ
(z)℄ (2.15)
We, of ourse, need to evaluate the last term to O[g
0]. G0 refers to the free propagator.
Evaluating this to this order,the above relation, in momentum spae, reads
iG
0C
µν(k) = iG
0L
µν(k)+i
∫
0
1
dκ[kµG
0M
(k)k0G0M0ν + (µ,k)↔(ν,-k)℄ (2.16)
Here, G
0M
(k) and G
0M
0ν are the mixed gauge propagators for the ghost and the gauge
elds derived from {Seff
M [φ,κ] -iǫ
∫
d
4z (1
2
AA -c )}[13℄.
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We shall evaluate this in setion 3.
C: Problems with the Coulomb gauge
The problems assoiated with the Coulomb gauge in the Lagrangian framework have been
disussed by Cheng and Tsai [5,6℄ and in more details by Doust and Doust and Taylor [8℄. It
arises from the fat that the timelike propagator D00(k)
D00(k) =
1
|k|2
is not damped as k0 →∞ unlike the Feynman gauge propagator ,whih for all omponents
goes like k0
−2
. As a result, the k0-integrals are no longer as onvergent as the orresponding
ones in the Feynman gauge. Thus, they require a speial treatment.Cheng and Tsai [5,6℄
have provided a treatment in the form of an extra regularization put in by hand and arrived
at nontrivial results for the 2 loop diagrams that are onsistent with the extra terms from
the Hamiltonian treatment [6℄. Doust [8℄ provided a treatment based on an interpolating
gauge with an interpolating parameter θ.The proedure provides an intrinsi regularization
in terms of the parameter θ and the Coulomb gauge results are understood as the limit θ →
0. Doust and Taylor [8℄ have pointed out ,however, diulties that arise in three loop order.
3 Evaluation of the Coulomb propagator
In this setion,we shall briey present the evaluation of the propagator of Eq.(2.16). We
shall proeed mainly along the lines of referenes [13,18℄ and rely on several algebrai results
there.
We reall that in (2.16), G
0M
(k,κ) the ghost propagator in the mixed gauge, obtained
from the quadrati form in { S
M
eff -i ǫ
∫
d
4x(1
2
AA -c )}. It is given by
G
0M
= − 1−q2+κq2
0
−iε (3.1)
On the other hand, Gµν
0M
(k,κ) is the mixed gauge propagator for the gauge boson ob-
tained similarly by inverting the quadrati form Zµν in { S
M
eff -i ǫ
∫
d
4x(1
2
AA -c )}. Zµν is
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given, with obvious onventions, by
Zij = -gij(k
2
+iǫ) + λ−1
λ
kikj ; (3.2a)
Z0i = Zi0 = kik0 [1-
(1−κ)
λ
℄ ; (3.2b)
Z00 = -g00(k
2
+iǫ) + k0
2
{1-
(1−κ)2
λ
} (3.2)
and Gµν
0M
(k,κ) = Z−1µν is given by,
Z
−1
00 =
−1
k2+iε

 k
2+iελ+(λ−1)k2
0
k2+iελ+k2
0
κ(κ−2)+ k
2
0
|k|2κ2
k2+iε

; (3.3a)
Z
−1
0i = Z
−1
i0 =
−1
k2+iε

 (λ−1+κ)k0kik2+iελ+k2
0
κ(κ−2)+ k
2
0
|k|2κ2
k2+iε

; (3.3b)
Z
−1
ij =
−1
k2+iε

gij + kikj
[(λ−1){k2+iελ+k2
0
κ(κ−2)+ k
2
0
|k|2κ2
k2+iε
}(λ−1+κ)2k2
0
]
[k2+iελ+(λ−1)k2
0
][k2+iελ+k2
0
κ(κ−2)+ k
2
0
|k|2κ2
k2+iε
]

 (3.3)
We use these in eq.(2.16) to evaluate the gauge boson propagator.We shall keep λ 6=0 as
it will turn out to be neessary. [See setion 4℄
The problems assoiated with the Coulomb gauge arise from the fat that the naive
propagator for the time-like omponent behaves as k0
0
rather than k0
−2
. The transverse
omponents do not ause this problem. Hene, we fous attention on G00
0C
(k). We shall nd
that we an dedue several onlusions on how the Coulomb gauge should be handled from
this alulation alone.We shall therefore evaluate Gµν
0C
(k) for µ = ν = 0. We shall do this
by following a proedure as in referene [13℄.We note that in the κ-integral term:
(i) There is a ommon denominator linear in κ oming from Gµν
0M
(k,κ). We express it
as (κ-a1) k
2
0 where a1 ≡k
2+iε
k2
0
.
(ii) There is a fator, quadrati in κ, in the denominator in the integrand oming from
G00
0M
(k,κ).We express this as
(κ-κ1)(κ-κ2)k
2
0 {1+
|k|2
k2+iε
} = (κ-κ1)(κ-κ2)
k2
0
(k2
0
+iε)
k2+iε
(iii) The numerator in the integrand is a onstant; but in order to use the existing results
in referene 13, we shall express it as k
2
0 |k|
2
{(κ+α)-κ}.
We thus have
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G0C
00(k)-G
0L
00(k) = -
4|k|2
k2
0
(k2
0
+iε)
{ I (α)- I(0)} (3.4)
with
I (α) ≡∫ 1
0
dκ κ+α
(κ−a1)(κ−κ1)(κ−κ2) (3.4a)
Here, we note the values
α = - 1
2
λk2
0
−|k|2+iελ
|k|2 (3.5a)
a1 =
k2+iε
k2
0
; κ1,2 =
k2+iε
k2
0
+iε
±∆ ≡ κ0±∆; (3.5b)
∆ ≡ √Y ; Y = iε k2+iε
(k2
0
+iε)2k2
0
{|k|
2
-λ(k20+iε)} (3.5)
Here, κ1,2 are the roots of the quadrati form appearing in the denominator of G00
0M
(k,κ).As
in ref. [12℄, we shall nd it is onvenient to hoose a denition of 1/∆ and we shall hoose the
following denition for the quantity 1/∆≡ 1/√Y [though we are at liberty to hoose other
possibilities whih will only alter whih root is whih℄. We shall assume that
1/∆≡k0(k20+iε)√
iε
1√
(k2+iε){|k|2−λ(k2
0
+iε)}
with the branh-uts ( in the omplex k0-plane) for
√
k2 + iε and
√
|k|2 − λ(k20 + iε) being
taken along the innite lines passing through
√
|k|2 − iε and -
√
|k|2 − iε in the rst ase and√
|k|2/√λ− iε and -
√
|k|2/√λ− iε in the seond ase, with the (nite) segments joining two
branh-points deleted. Moreover, for a real k0 , suh that k
2
>> ǫ and |k|2-λk20 >> 0; we
dene the phase of
√
k2 + iε
√
|k|2 − λ(k20 + iε) to be ~ 0. With these denitions, ∆ is an
odd funtion of k0 for -∞ < k0 < ∞. We shall use the properties of ∆ arising from this
hoie in Appendix B.
The integral in (3.4 ) is preisely the same as the one ourring in Ref.[13℄ [ See eq.(60)
there℄ in the treatment of the axial gauges. We reall the result in eq.(61) of Ref.[13℄:
∫ 1
0
dκ κ+α
(κ−a1)(κ−κ1)(κ−κ2)
=
1
(a1−κ2){
a1+α
(−κ1+a1) ln[
κ1(1−a1)
a1(1−κ1) ℄-
κ2+α
κ1−κ2 ln[
κ2(1−κ1)
κ1(1−κ2) ℄} (3.6)
We shall nd onvenient to restruture the above equation as,
=
1
D
{
(a1+α)
2
ln[ κ1κ2(1−a1)
2
a2
1
(1−κ1)(1−κ2) ℄+
1
2∆
[(a1-κ0)(α+κ0) + ∆
2
℄ln[κ1(1−κ2)
κ2(1−κ1) ℄} (3.7)
where
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D≡ (a1 − κ1)(a1 − κ2) (3.7a)
This leads us to
I (α)- I(0) = 1
D
{
α
2
ln[ κ1κ2(1−a1)
2
a2
1
(1−κ1)(1−κ2) ℄+
1
2∆
[(a1-κ0)α ℄ln[
κ1(1−κ2)
κ2(1−κ1) ℄} (3.7b)
We then obtain,
G
0C
00(k)-G
0L
00(k) = -
2|k|2α
k2
0
(k2
0
+iε)
1
D
{[-ln[ (1−κ0)
2−∆2
(1−a1)2 ℄
+ ln[
κ2
0
−∆2
a2
1
℄℄+
1
∆
(a1-κ0)ln[1+
2∆
κ2(1−κ1) ℄} (3.8)
The above propagator as a funtion of λ,ǫ,and k0 is admittedly a ompliated funtion
and we shall give an eetive simpler treatment for it in Se 4.But as we shall see in the next
setion, it reveals muh about the way the Coulomb gauge should be handled.
For ompleteness, we state the result for the other omponents of
{G
0Cαβ
µν(k)-G
0Lαβ
µν(k)}.These involve,
k0kµ
∫
0
1
dκG0M(k,κ)G0M0ν (k,κ)
For ν = 0, we have already evaluated this.For ν = i, this beomes,
k0kµ
k4
0
(k2
0
+iε)
∫
0
1
dκ (κ+λ−1)k0ki
(κ−a1)(κ−κ1)(κ−κ2) =
kikµ
k2
0
(k2
0
+iε)
I(λ-1) (3.9)
I(α) has been dealt with in the next setion in detail; it needs to be used in (3.9).
4 PROPERTIES OF THE PROPAGATOR
In this setion , we shall establish several unusual faets of the Coulomb propagator we have
derived. These essentially depend on the behavior of the propagator as a funtion of λ, ǫ and
k0 and the order in whih various limits involving these variables are taken. In partiular,
we shall study the order of λ→ 0,ǫ→ 0,and k0 → ∞ limits and show whih are important to
maintain.
In this setion,we wish to show several points, whih we shall rst enumerate below:
(1) For λ 6=0,ǫ6=0; the propagator has the orret high energy behavior [ i.e. ompatible
with the damping behavior in the Lorentz gauges℄ ;in other words as k0 →∞, the propagator
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behaves as k
−2
0 .We have to keep λ 6=0 for this, though of ourse we an take the limit λ→ 0
in the end of the alulation.
(2) The Coulomb gauge Feynman integrals are not well-dened exept as the limit λ→ 0.
In other words, the singular gauge ∇.A = 0 is dened only as this limit.This is very similar
to the light-one gauge in this path integral treatment [13,18℄.
(3) If we do take ǫ→ 0 limit rst, we do reover the naive Coulomb gauge propagator;
whih however does not have the desirable high energy behavior.
(4) The disussion of high energy behavior k0 → ∞, and the limits λ→ 0 and ǫ→ 0
are all interlinked.There are terms in the propagator whose high energy behavior ruially
depends on the order of the limits: This happens beause the expansion of the logarithms
ln[ (1−κ0)
2−∆2
(1−a1)2 ℄ and ln[1+
2∆
κ2(1−κ1) ℄ (3.8) fails for large enough k0, if ǫ and λ are xed and
positive.
(5)We shall indeed be able to retrieve the two loop anomalous Coulomb interation on-
tribution obtained in the example mentioned in Ref.[5℄. But in that treatment,an extra ad
ho regularization was required. In our treatment, this term appears naturally without an
extra regularization.
Our results bring out a need for the deliate treatment of the Coulomb gauge and it is
hoped that it may be able to eliminate the troubles found in earlier works [8,9℄.
To see these results, we rst make a onvenient tabulation of the behavior of various
fators and terms involved in the propagator.We show only the relevant entries in the table
below.
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Quantity value as ǫ→0 k0→∞ k0→∞ behavior
ǫ→0 behavior behavior at λ = 0
α O(1) k0
2
O(1)
a1 k
2/k20 O(1) O(1) O(1)
κ0 k
2/k20 O(1) O(1) O(1)
a1-κ0 0 O(ǫ) O(k0
−2
) O(k0
−2
)
∆2 O(ǫ) O(λk0
−2
) O(k0
−4
)
1-a1 |k|
2/k20 O(1) O(k0
−2
) O(k0
−2
)
1-κ0 |k|
2/k20 O(1) O(k0
−2
) O(k0
−2
)
(κ0/a1)
2
1 O(1) O(1) O(1)
1/κ1(1-κ2) 1/[κ0(1-κ0)-∆+∆
2
℄ O(1) O(1) O(1)
ln[1+ 2∆
κ2(1−κ1) ℄
2∆
κ2(1−κ1) O(
√
ε) O(1) O(1)
ln[
κ2
0
−∆2
a2
1
℄
−2iε
k2
0
+iε
-
∆2
a2
1
O(ǫ ) O(ǫ k0
−2
) O(k0
−2
)
ln[ (1−κ0)
2−∆2
(1−a1)2 ℄
(2−κ0−a1)(a1−κ0)−∆2
(1−a1)2 O(ǫ k0
2
) ln k0
2 ln [k0
0
℄
1
2∆
[(a1-κ0)(α+κ0) + ∆
2
℄ k−10 k
0
0
1/D≡1/[(a1-κ0)2-∆2℄ -1/∆2 O(ǫ−1) O(k02) O(k04)
We shall now show, in sequene, how the above points arise in sequene.
(1)The above table will enable one to verify that as k0→ ∞, every term in (3.8) exept
two go as k0
−2
[upto logarithms℄. There are two exeptional terms:(a) one whih goes as
O(k0
0lnk0
2
) and arises from
α
2
ln[ (1−κ0)
2−∆2
(1−a1)2 ℄ and is proportional to -
−λ(k2
0
+iε)
4|k|2 ln[
(1−κ0)2−∆2
(1−a1)2 ℄
(b) another whih goes as k0
−1
and arises from
α
2∆
ln[1+ 2∆
κ2(1−κ1) ℄. In most of the other terms
exept one , the logarithms an be expanded and terms of O (ǫ) an be dropped. We deal
with these terms in Appendies A,B and C.
(2) We also note that had we put λ = 0 from the beginning, the k0 → ∞ behavior of
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1/D≡1/[(a1-κ0)2-∆2℄ would have been modied [ see table℄ from O(k02) to O(k04) . This
makes the propagator behave as O(k0
0
).
(3) is easily veried by diret alulation and will follow as a partiular result later.
(4) is seen, for example, by examining the behavior of
1
ε
ln[
(1−κ0)2−∆2
(1−a1)2 ℄ =
1
ε
ln[
k2
0
(k2
0
+iε)
℄ +
1
ε
ln[ A + iελB k0
2
℄
with,
A≡ |k|2−iελ|k|2−iε ;B = 1(|k|2−iε)2
We note that the expansion of
1
ε
ln[ A + iBλǫ k0
2
℄ is valid only over the range |
B
A
λǫ k0
2
|
< 1.This range intrinsially depends on ǫ and λ. If ǫ → 0 were to be taken rst, the range
would extend to −∞ < k0 <∞ ; and the 1ε ln[ A + iBλǫ k02℄ would behave as k02 giving rise
to the badly behaved term in the Coulomb propagator.The same is true for λ→ 0 limit. But,
we always understand that ǫ→ 0 is to be taken after the Feynman diagrams are alulated.If
we also dene the Coulomb gauge as the λ→ 0 limit, then the behavior of this fator as k0→
∞ is seen to be O(k00 ) upto logarithms.
(5) is easily seen from the result (4.8) below if one makes use of the earlier results of
Doust [8℄.This is ommented upon following (4.8).
We shall now give the results for the various terms in (3.8).We shall denote the three
logarithmi terms as {1},{2},{3}. In the following, we assume that |k| 6=0, k0 6=0 and we
have hosen ǫ << |k| , k0 .
For {1}, we write :
ln[
(1−κ0)2−∆2
(1−a1)2 ℄ = ln[
k2
0
(k2
0
+iε)
℄ + ln[ A + iελB k0
2
℄ (4.1)
Then {1} reeives a net ontribution from ln [
k2
0
(k2
0
+iε)
℄ fator as :
|k|2−λk2
0
(k2+iε)Ω
(4.2a),
with
Ω ≡ {|k|2- λk02-iǫ} (4.3),
We further nd additional ontributions to {1}:
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(a)
−(1−λ)2k2
0
(k2+iε)Ω
(4.2b),
(b)
λ
iε
k2
0
Ω
ln[ A + iελB k0
2
℄ (4.2)
=
λ
iε
k2
0
|k|2−λk2
0
−iε ln[ A + iελB k0
2
℄
= -
1
iε
ln[ A + iελB k0
2
℄+
1
iε
|k|2−iε
|k|2−λk2
0
−iε ln[ A + iελB k0
2
℄
= -
1
iε
ln[ A + iελB k0
2
℄+
1
iε
|k|2−iε
|k|2−λk2
0
−iε lnA+
1
iε
|k|2−iε
|k|2−λk2
0
−iε ln[ 1 + iελ
B
A
k0
2
℄
≡ -(ℜ1 +ℜ2+ ℜ3) (4.3)
and
()
λ−1
iε
|k|2k2
0
(k2+iε)(|k|2−λk2
0
−iε) ln[ 1 + iελ
B
A
k0
2
℄≡- ℜ4 (4.2d)
ℜ1 ,ℜ2, ℜ3 and ℜ4 are dealt with in appendix A. We nd the ontributions {2} and {3}
as
{2} =
2(λk2
0
−|k|2)
(k2+iε)Ω
+
(λk2
0
−|k|2)
(k2+iε)2
(4.4).
{3} =
2k2
0
(k2+iε)Ω
- ℜ5 (4.5)
ℜ5 is dealt with in appendix B.
We add the result to nd:
G
0C
00(k)-G
0L
00(k) =
(λk2
0
−|k|2)
(k2+iε)2
-
(−1−3λ+λ2)k2
0
+|k|2
(k2+iε)(|k|2−λk2
0
−iε) -
∑ 5
i=1
ℜi (4.6)
We shall show, in appendies A and B, that the net eet of the residual terms ℜi ; i =
1,...,5 to the oordinate spae propagator is given by the rst term in (A.13) . Inorporating
this eet, we nd
3
G
0C
00(k)-G
0L
00(k) =
(λk2
0
−|k|2)
(k2+iε)2
+
(1+4λ−λ2)k2
0
−|k|2
(k2+iε)(|k|2−λk2
0
−iε) (4.7)
We note, as a hek, that at λ = ǫ = 0, the right hand side redues to -
k2
0
(k2
0
−2|k|2)
k4|k|2 as is
expeted for this (naive) propagator dierene. We further note that G
0C
00(k) above behaves
as k−20 if we keep λ 6=0. If we were to rst put λ=0; G0C00(k) would behave as k00 spoiling the
ultraviolet behavior of some Feynman integrals as ompared to the Lorentz gauges.Therefore,
we believe that one must do integrals with the propagator given by (4.7) with λ 6=0 and take
3
We emphasize that this propagator is not the naive propagator in the Coulomb gauge with gauge pa-
rameter λ : the latter would equal to Gµν
0M
of (3.3) at κ=1 .
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the limit λ→0 only at the end. We further note that there is no need to invoke any additional
regularization in this formalism whih is a path-integral formalism. This is seen as the root
of any non-trivial eets arising in the Coulomb gauge in this formalism.
Substituting for G
0L
00(k):
G
0L
00(k) =
−1
k2+iε
{ g00 -
k2
0
(1−λ)
k2+iελ
},
we nd
G
0C
00(k) =
1
(|k|2−λk2
0
−iε)+
(4λ−λ2)k2
0
(k2+iε)(|k|2−λk2
0
−iε)+ O(ǫ) (4.8)
We shall provide a omparison with the proedure of Doust [8℄ in the next setion. But
we note that the rst term in (4.8) has idential appearane as the propagator of Doust with
the replaement θ2→λ.Thus, as far as the two loop integral in ref. [5℄ is onerned,the results
of Doust are suient to imply that the results of [5℄ are reprodued by this term.The seond
term in (4.8) does not ontribute to this integral as λ → 0.
5 Conlusions, Comparison with Other Works and
Additional Comments
We summarize the results we have obtained. We started out with the path-integral onstru-
tion for an arbitrary gauge that is ompatible with the Lorentz gauges and whih has been
applied to the problems of the axial and planar gauges. We followed a proedure similar to
the one used for the axial gauges to obtain the Coulomb propagator.We found that unlike
the naive Coulomb propagator, the propagator so obtained has a good high energy behavior
at high energies exept for a set of terms ℜi 's. We then obtained an eetive treatment for
these terms following the earlier work for the axial gauges by requiring that eetive terms
ontribute to the o-ordinate spae propagator the same way as these terms in the limit λ,ǫ
→ 0.We found that the resultant propagator is well-behaved as a funtion of k0. It repro-
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dues a term of the form used by Doust [8℄ in his interpolating gauge treatment , but with
a modied interpretation.We also nd an extra term whih formally vanishes at λ = 0 but
whih is λ multiplied by a term whih is O(k0
0
) at λ = 0 and it an possibly ontribute to
suiently higher order diagrams.
We shall provide a omparison with the proedure of Doust [8℄ as it has resemblane to
ours in appearane. Doust has written down the Coulomb propagator that has resemblane
to the rst term in (4.8) with his θ2→ λ . We rst point out the dierenes :
(a) The propagator we have obtained is in the family of the Coulomb gauges with λ the
gauge parameter.The singular Coulomb gauge is understood as the λ → 0. It is this gauge
parameter that appears to regulate the behavior of the time-like propagator as opposed to
the parameter θ of [8℄ that takes one away from the [family of℄ Coulomb gauge .
(b)We nd additional terms in the Coulomb propagator as shown in (4.8). Whether these
terms an in fat ontribute in suiently higher orders even as λ → 0 , and in partiular,
they remove the problems mentioned by Doust and Taylor [8℄ requires further study .
() As emphasized earlier in Se. 2A , we have to treat the ǫ-term in the path-integral
arefully if we are to preserve the gauge-independene of the vauum expetation value of a
gauge-invariant observable O[A℄. The present treatment indeed is built to take are of this;
we have reservations if the treatment of Doust in fat preserves the gauge-independene as θ
is varied [22℄ .
We make further omparisons with reent works[11,12℄:
(a)Our formulation of the Coulomb gauge proeeds from a path-integral formalism that
in eet inludes the proedure for making the energy integrals regularized. No further
regularization is neessary.
(b) WT identities an be written diretly in this formulation whih is exat in the sense
that no additional interpretation is imposed on the Green's funtions in it from outside.
() Equivalene of this path-integral for the Coulomb gauges with that for the Lorentz
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gauges {at least for the vauum expetation values of gauge-invariant operators} is impliit
in its onstrution. This does not seem obvious in other attempts.
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6 Appendix A
In this appendix, we shall develop,along the lines of [13℄, an eetive treatment for the
residual terms ℜi (i = 1, ....4) mentioned in Se. 4. The basi idea is to replae it by a term
that gives the same ontribution to the o-ordinate spae propagator as λ and/or ǫ→ 0 . We
begin with
ℜ1 = 1iε ln[ A + iελB k02℄ (A.1)
and onsider the Fourier transform
1
iε
∫
dk0exp(−ik0t)ln[ A + iελB k02℄ (A.2)
In dening the Fourier transform, it is always understood that a onvergene fator suh
as
lim
δ → 0
exp(−|k0|δ) is used. We integrate (A.2) by parts to nd,
ℜ1(t) = - iεexp(−ik0t−|k0|δ)ln[ A + iελB k02℄ 1−it−δ |
∞
0
-
i
ε
exp(−ik0t−|k0|δ)ln[ A + iελB
k0
2
℄
1
−it+δ |
0
−∞
-
i
εt
∫
dk0exp(−ik0t) 2Bλεk0A+iBλεk2
0
(A.3)
The rst two terms lead to a ontribution -
i
ε
ln A
lim
δ → 0
{
1
it+δ
+
1
−it+δ} = -
ipi
ε
ln A δ(t)
The last integral is, for t6=0:
2pii
εt
exp ( -
√
A
2Bλε
|t|) [ θ(t)exp ( i
√
A
2Bλε
t)-θ(-t)exp (- i
√
A
2Bλε
t)℄ (A.4)
We note that for t 6=0, the above vanishes as λ→ 0+. Thus both the terms have a support
only at t = 0 as λ → 0+.
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We shall now onsider ℜ2.
ℜ2 = - 1iε |k|
2−iε
|k|2−λk2
0
−iε lnA =
1−λ
|k|2−λk2
0
−iε (A.5)
The Fourier transform reads:
ℜ2(t) =
∫ (1−λ)exp(−ik0t)
|k|2−λk2
0
−iε dk0 (A.6)
For t > 0, we an lose the ontour below to nd:
ℜ2(t) = 2πi1−λλ exp(−iKt)K = 2πi1−λ√λ
exp(−iKt)
|k| ; K =
|k|√
λ
(A.7)
As λ→ 0, the exponential osillates rapidly for t 6=0. Hene, we an replae the expression
by its average over a yle ∆t = 2pi
√
λ
|k| < < t for suiently small λ. This average is zero. A
similar argument an be given for t < 0.Thus ℜ2(t) has support only at t = 0.
[ Alternately, we may inlude a onvergene fator
lim
δ → 0
exp(−k20δ) in the denition of
the Fourier transform to deal with the term.℄
To nd the net ontribution from ℜ1(t)+ℜ2(t), we onsider
∫∞
−∞
{ℜ1(t)+ℜ2(t)} dt = 2π {ℜ1(k0)+ℜ2(k0)}|k0=0 (A.8)
=
1
iε
lnA- 1
iε
lnA = 0. (A.9)
Thus, the two terms do not ontribute to the propagator in the sense desribed.
Next we shall deal with the eetive treatment of ℜ3(k0)+ℜ4(k0).
ℜ3(k0)+ℜ4(k0) = - 1iε |k|
2−iε
|k|2−λk2
0
−iε ln[ 1 + iελ
B
A
k0
2
℄
+
1−λ
iε
|k|2k2
0
(k2+iε)(|k|2−λk2
0
−iε) ln[ 1 + iελ
B
A
k0
2
℄. (A.10)
[ We note that we annot arry out an expansion of the logarithm in these terms as
the ondition for the expansion of their validity |iελB
A
k0
2
| <1 is not fullled nor are these
terms ompatible with the weaker onditions in the appendix C. Were an expansion to be
arried out, this will spoil the large k0-behavior. The atual large k0-behavior is as k0
−2
ln
k0, whereas on expansion, it will yield O[1℄ terms and this is beause of an invalid expansion
℄. We however nd that when we ombine suh terms, we nd
ℜ3(k0)+ℜ4(k0) = 1iε |k|
2
{|k|2−λk2
0
−iε}(k2+iε) ln[ 1 + iελ
B
A
k0
2
℄
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•{ (1-λ) k20 - (k2 + iε)
[
1− iε|k|2
]
} (A.11)
In the above ombination, the leading term at λ = 0 anels. We nd,
=
1
iε
−|k|2λk2
0
{|k|2−λk2
0
−iε}(k2+iε) ln[ 1 + iελ
B
A
k0
2
℄
+
1
iε
|k|4
{|k|2−λk2
0
−iε}(k2+iε) ln[ 1 + iελ
B
A
k0
2
℄ + O (ǫ) (A.12)
In the seond term, we an expand the ln[ 1 + iελB
A
k0
2
℄ fator [ See (C.4)℄.This yields,
-[ℜ3(k0)+ℜ4(k0)℄ = λk
2
0
{|k|2−λk2
0
−iε}(k2+iε)
-
1
iε
|k|2λk2
0
{|k|2−λk2
0
−iε}(k2+iε) ln[ 1 + iελ
B
A
k0
2
℄+ O (ǫ). (A.13)
We shall show in Appendix C that the seond term above does not ontribute [See (C.2)℄
to the oordinate propagator as λ → 0 .The rst term has already been inorporated in (4
.7).
7 Appendix B
In this appendix, we shall show that the term ℜ5 (k0) of eq.(4.5) does not ontribute to the
oordinate spae gauge boson propagator as λ→0.
ℜ5 (k0) ≡λ 1Ω 1∆ ln
[
1 + 2∆
κ2(1−κ1)
]
(B.1)
= λ
k3
0√
iε(k2+ιε){|k|2−λ(k2
0
+iε)}
1
(|k|2−λk2
0
−iε) ln
[
1 + 2∆
κ2(1−κ1)
]
(B.2)
We have already dened the branh-uts of the two square-roots.An analysis of the singu-
larities shows that there are branh-points for the logarithms at ±
√
|k|2 − iελ and at ± |k|2√
iελ
.
We an hoose the four branh-uts so that they do not ross the real axis.The ontribution
of to the oordinate propagator is
ℜ5(t) =
∫
dk0 exp(−ik0t)ℜ5 (k0)
=
∫
dk0 exp(−ik0t)λ k
3
0√
iε(k2+ιε){|k|2−λ(k2
0
+iε)}
1
(|k|2−λk2
0
−iε) ln
[
1 + 2∆
κ2(1−κ1)
]
(B.3)
At this stage, we may be tempted to take the limit λ → 0 diretly and set ℜ5 (k0) to
zero. We should however note that putting λ = 0 inside the integral alters the onvergene
properties of the integral [ it beomes naively ubially divergent: ln
[
1 + 2∆
κ2(1−κ1)
]
→ onstant
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for large k0℄. Hene, this proedure is ill-dened; in fat the rigorous results in Appendix C
do not support this. [Moreover, if this term is found inside a divergent Feynman integral,
there is no exp(−ik0t) to improve onvergene℄.
We shall interpret ℜ5 (k0) in the sense of generalized funtions or distributions [20 ℄. Thus
the propagator in the momentum spae [or a term ontributing to it℄ is a distribution with
loal value [20℄ given by the number ℜ5 (k0). In order that this interpretation is possible, we
have to be able to dene at least one sequene of  good funtions that in tends to ℜ5 (k0).
We note that [despite the fat that there are branh-uts for ℜ5 (k0) in the omplex k0-plane℄
the funtion is innitely dierentiable on the real axis [for -∞ < k0 <∞ ; inluding k0 = 0]
so that {ℜ5 (k0) exp ( - k02/n2) ; n = 1,2,.....} onstitutes suh a sequene. We note then
that the Fourier transform ℜ5 (t; |k|) a distribution itself [20℄.We shall nd it useful to deal
with ℜ5 (t; |k|) in terms of its moments:
Mn =
∫
t
nℜ5 (t; |k|) dt. (B.4)
We note that as ℜ5 (t; |k|) is a distribution, we have to interpret the above as an integral
of a distribution multiplied by a good funtion [20℄. We onsider the good funtion t
n
exp(−t2/N) and dene;
Mn ≡
lim
N →∞
∫
t
nexp(−t2/N) ℜ5 (t; |k|) dt (B.5)
It is easy to show that this equals,
Mn =
lim
N →∞
∫
dk0ℜ5 (k0)
∫
t
nexp(−t2/N) exp(−ik0t) dt (B.6)
=
lim
N →∞
∫
dk0ℜ5 (k0)
(
id
dk0
)
n
∫
exp(−t2/N) exp(−ik0t) dt (B.7)
This is easily shown to lead to
Mn =
(
−i d
dk0
)
nℜ5 (k0)‖
k0=0
(B.8)
Mn 's exist and vanish as λ→ 0. Thus ℜ5 does not ontribute to the Coulomb propagator
in the oordinate spae [dened as the Fourier transform of the momentum spae propagator
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looked as a distribution℄ in this sense.
8 Appendix C
In this appendix we shall summarize the rigorous mathematial results [21℄ we need and their
appliation to the integrals involved in ℜi 's.These results refer to the interhange of the order
of a limit and an integration.These results will give the justiation for several steps used
earlier. [ In the following, b is a onstant independent of parameter α℄
Result 1 :Let
∫∞
b
f (x,α )dx be uniformly onvergent when the parameter α lies in a
domain S. Then if f (x,α ) is a ontinuous funtion of both x and α for x ≥ b and α in S,
then
∫∞
b
f (x,α )dx is a ontinuous funtion of α.
In this ase we an write,
lim
α→ 0
∫∞
b
f (x,α )dx =
∫∞
b
f (x,0 )dx (C.1)
provided α = 0 ∈ S.
Using this result, we an easily establish that
lim
λ→ 0
∫
dk0
1
iε
|k|2λk2
0
{|k|2−λk2
0
−iε}(k2+iε) ln[ 1 + iελ
B
A
k0
2
℄ = 0 (C.2)
Result 2 : The equation
d
dα
∫∞
b
f (x,α )dx =
∫∞
b
d
dα
f (x,α )dx holds if the integral on
the right onverges uniformly and the integrand
d
dα
f (x,α ) is a ontinuous funtion of both
variables when x≥ b and α ∈S and the integral ∫ ∞
b
f (x,α) dx is onvergent.
As a onsequene,we have
lim
ε→ 0
1
ε
{
∫∞
b
f (x,ε )dx -
∫∞
b
f (x,0 )dx} =
∫∞
b
d
dα
f (x,α )|
α=0
dx (C.3)
We apply this result to justify the expansions of the logarithmi fators where possi-
ble.Thus, for example, let F[k0,ǫ℄ be a funtion with the properties F[k0,ǫ℄ ∼ k0−4 (upto
logarithms) as |k0| →∞ and suh that F[k0,ǫ = 0℄ = 0 . Then we an easily show that
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lim
ε→ 0
1
ε
∫
F[k0,ǫ℄dk0 =
∫ dF [k0,ε]
dε
∣∣∣
ε=0
dk0 (C.4)
This relation has been used in justifying the expansion of the logarithms where it has
been applied. (4.2) is an example of a term where suh an expansion has been used; (4.2d)
is, on the other hand, an example of a term where suh an expansion is not allowed.
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